The "acoustic black hole" (ABH) phenomenon can be exploited for flexural vibration suppressions in beam and plate structures. Conventional ABH structures, however, are tied with the inherent structural weakness due to the low local stiffness required and possibly high stress concentration caused by the small residual cross-section thickness of the ABH taper, thus hampering their practical applications. In this study, the dynamic and static properties of a compound ABH beam are investigated through numerical simulations. It is shown that, whilst ensuring an effective ABH effect, the compound ABH structure allows a significant improvement in the static properties of the structure. For the former, the compound design is shown to outperform its counterpart in the conventional ABH configuration in terms of the damping enhancement and the vibration suppression. For the latter, the compound ABH structure is also shown to provide much better static properties in terms of structural stiffness and strength. Meanwhile, the structural damping can be further improved by using an extended platform at the tip of tailored profile, which improves the structural strength but reduces the structural stiffness at the same time. Therefore, when choosing the platform length, a balance needs to be struck among the desired ABH effect and the mechanical properties of the structure.
Introduction
The suppression of the flexural vibrations in thin-walled structures like beams and plates is of great importance [Jones, 2001; Mead, 1998 ]. Surface coating with viscoelastic damping materials proves to be a popular way to increase system damping ‡ Corresponding author.
tailoring ABH profile merely on one of the two surfaces of a honeycomb sandwich panel [Bowyer and Krylov, 2014] . Whilst compromising the ABH effect, these measures, however, lead to marginal improvement in the structural stiffness, which is still not enough for practical applications.
As one of the possible design configurations, a double-layered compound ABH configuration was raised and briefly discussed in a previous work [Bowyer and Krylov, 2014] . Frequency responses at the excitation point of a plate with high intrinsic loss factor containing compound ABH indentations were measured experimentally and compared with the traditional simple ABH design. Intuitively, the double-layered compound ABH design could possibly improve the structural properties (in terms of both overall stiffness and stress concentration). The issue, however, has not been systematically assessed and quantified.
In this paper, a systematic assessment and investigations on the dynamic and static performance of a one-dimensional double-layered compound ABH structure are carried out using finite element analyses. The double-layered ABH feature is embedded in the host beam-like structure, forming integrated and smooth surfaces like a uniform beam. Dynamic-wise, the vibration characteristics of such structures are investigated through comparisons with the conventional ABH beams using metrics defined in previous works Cheng, 2016, 2017a] . In thoses works, a semi-analytical ABH model was established based on a wavelet decomposition approach, which was previously used for the shape optimization of acoustic enclosures [Zhang and Cheng, 2015] . Both modal and structural damping analyses are then performed, followed by energy distribution analyses under a point force excitation. Tapered beams with different profile parameters are investigated. Static-wise, the overall stiffness and the strength of the ABH tapered structure are assessed. An additional platform is then embedded into the compound ABH beam for further damping enhancement. Static analyses are also conducted on such modified double-layer structures to investigate the influence of the platform length. Experimental measurement was also conducted to confirm the validity of the FEM analyses as well as the superior ABH effect of the compound ABH beams.
Double-Layered Compound Structure and FEM Model
Beams with two types of embedded ABH profiles are investigated, as shown in Fig. 1 . A conventional simple ABH beam ( Fig. 1(a) ) and a compound ABH (Fig. 1(b) ) beam are built from the same basic ABH geometry ( Fig. 1(c) ) through horizontal and vertical symmetries. The basic geometry is a beam segment with an ABH termination, which can be divided into two parts: an ABH portion from x 0 to x 1 , and a uniform portion. The ABH portion follows a power-law thickness profile, i.e. h(x) = ε(x − x 0 ) m + h 0 and a platform (from x = 0 to x 0 ) at the tip of the ABH portion with a constant residual thickness h 0 . A damping layer of constant thickness h d is added on the two outer surfaces of ABH portion for the damping enhancement. In practical implementations, damping layers could also be attached onto the inner surfaces to produce the same damping effect. Finite element simulations using COMSOL TM [Comsol, 2007] were conducted for both dynamic and static analyses. A 2D tapered beam model was developed under the plane stress conditions in solid mechanics interface. The left and right ends of the beams were set to be clamped and free, respectively. The damping layer, of constant thickness, was assumed to be perfectly bonded with the tapered region of the beam and applied on the outside surface over the ABH portion for both the compound and simple ABH beams. Geometrical and material parameters, assigned to different parts of the beam, are tabulated in Table 1 . The beam was meshed with triangular elements and the damping layers were meshed with quadrilateral elements. For dynamic analyses, the resolution of the mesh was chosen to be fine enough to reveal the details of vibration in the tapered area and the mesh size was set to ensure more Table 1 . Parameters used in the simulations.
Geometrical parameters
Material parameters
Damping layer than 10 elements per wavelength at the highest frequency of interest. The validity of such a meshing scheme was checked against the results provided in our previous work . For static analyses, a convergence study was also performed to ensure the accuracy and the reliability of the results [Tabatabaian, 2016] . The number and the resolution of the mesh in the tapered region were increased until the convergence is achieved. The nonlinear solvers provided by COMSOL TM allow evaluating and reducing the calculation errors during the simulation process.
Two indices, an equivalent compliance factor and a stress concentration factor, are defined to evaluate the static performance of the ABH-featured beams, respectively. The so-called Equivalent Compliance Factor (ECF) is defined as the ratio between the maximum displacement of the beam with ABH and without ABH when a unit force is applied at the free end of the beam. Similarly, with a unit moment applied at the free end, the ratio of the maximum stress between the beams with and without ABH is defined as the Stress Concentration Factor (SCF) [Hibbeler, 2011] . The lower the ECF is, the better the static performance of the ABH beam is, and same applies to the SCF. The influence of the damping layer was neglected when conducting the static analysis, due to its weak stiffness as compared to that of the host structure.
Simulation Results and Discussions

Dynamic and static analyses and comparison studies
In this section, the vibration characteristics of the compound ABH beam are investigated and compared with the conventional simple ABH beam without additional platform.
Three compound ABH beam cases, labeled as C1, C2 and C3, are investigated and compared with their three conventional simple ABH counterparts, labeled as S1, S2 and S3. Through changing the residual thickness of the basic geometry h 0 = h(x 0 ), cases with different cross-section thickness can be built, as shown in Table 2 . The cross-sectional thickness of the tapered ABH structure increases from Case C1 to C3 and from Case S1 to S3, respectively. Note that the thickness is the same for all the study cases with the same case number.
Modal analyses are first conducted to reveal the vibrational characteristics of the compound ABH structure. Figure 2(a) shows the system loss factors of the flexural modes of the compound ABH structure, which can be divided into two groups: in-phase modes and out-of-phase modes. For the former, the displacements of the upper and bottom branches at any given cross-section are the same. For the latter, they have the same amplitude in the ABH region but in opposite directions, with no deformation in the uniform beam region (upon omission of the Poison's effect), as shown in Fig. 2 (b). For the same residual thickness, the out-of-phase modes are shown to have larger system loss factors than those of the in-phase modes ( Fig. 2(a) ) because of their larger curvatures at the junction area between the uniform portion and the ABH portion of the beam. This induces larger bending energy stored and dissipated by the damping layers. Meanwhile, all the energy of the out-of-phase modes is concentrated in the ABH portion where the damping layer is applied. Note if the excitation is applied over the uniform part of the structure, the out-of-phase modes cannot be activated. The out-of-phase modes are treated as the local modes and therefore the following numerical analyses will only focus on the in-phase modes for the sake of simplicity. Figure 2 (a) also shows that, for the same group, compound or simple one, a thinner residual thickness will result in better system damping increase, in agreement with results reported in the literature for simple ABH structures. Figure 3 (a) compares the system loss factors of the compound and simple ABH structures with different cross-sectional thicknesses. A uniform reference beam with the same length and height (uniform part) as case C2 or S2 is also considered for comparison purposes. The loss factor assigned to the material of the beam is 0.005. The ABH region does not dominate the vibration mode at the first three structural modes (below 500 Hz). For higher resonant frequencies, the system loss factors are systematically increased owing to the ABH effect, much more appreciable with a thinner residual thickness for both compound and simple ABH beams. Comparisons between the two types of beams, however, reveal higher system loss factors for the compound ABH beams, as compared with the conventional simple ones, with the same cross-sectional thickness and the same total structural weight. This indicates that the compound ABH structures not only exhibit the expected ABH effect in terms of system damping enhancement, but also outperform the conventional simple ABH structures. Figure 3 (b) shows more details of the system loss factors within the frequency band between 500 Hz and 7000 Hz. It can be seen that the compound beam seems to show ABH features at a lower frequency (squares in Fig. 3(b) ) as compared to the conventional simple one. in Fig. 3(b) ). Meanwhile, the compound ABH structure also seems to have a higher modal density than the simple one.
To further examine the details, the eighth in-phase mode shape of the compound ABH is depicted as a representative example and compared with its counterpart of the simple ABH beam in Fig. 3(c) . It can be seen that the wavelength becomes shorter in the ABH region for both the compound and simple ABH beams, testifying the typical ABH phenomenon in terms of the reduction of the local phase velocity of flexural waves. Compared with the simple ABH, however, the compound ABH structure undergoes a larger deformation in the ABH region (−5 < x < 5), thus resulting in higher modal loss factors, as demonstrated before. Results of the normal strain distribution (Fig. 3(d) ) show that a neutral axis appears in both upper and bottom branches of the compound ABH beam for all in-phase modes, suggesting that each branch of the compound ABH beam bends individually under the dynamic excitation. Since the thickness of one branch of the compound ABH beam is only half of the simple one at the same cross-section location, one individual tapered branch of the compound beam has a lower local dynamic stiffness than the simple ABH taper. Therefore, this not only accelerates the wave speed reduction, but also leads to a larger local deformation and a higher energy concentration in the tapered area. Moreover, the lower dynamic stiffness of each compound ABH arm also results in a lower cut-on frequency and a higher modal density.
To further show and demonstrate the ABH effect of the compound structure, the vibration level of the structures is analyzed in terms of the quadratic velocity, averaged over the uniform portion. Meanwhile, to better characterize the energy transfer phenomenon, an energy ratio term, Γ, is defined as Γ = 10 log( V 2 ABH / V 2 Unif ), in which the two terms involved are the mean quadratic velocities of the ABH part and the uniform part, respectively, under forced vibration. A point force excitation of a unit amplitude was applied, 3 cm away from free end of beam in the y-axis direction. As a comparison basis, the uniform beam is also calculated by taking the same beam elements corresponding to the ABH beam. Results are shown in Figs. 4(a) and 4(b). It can be seen from Fig. 4(a) that the vibration level of the uniform part of both ABH tapered structures is generally lower than that of the reference beam when the frequency increases, evidenced by the positive Γ for most frequencies. Compared with the simple ABH design, the peaks of the mean quadratic velocity of the uniform part of the compound ABH are lower, which is consistent with the result of the calculated system loss factors. Meanwhile, the compound ABH shows higher energy focalization over most frequency bands than simple ABH and the energy ratio Γ of both ABH tapered structures is much higher than reference beam. The dip in the energy ratio Γ curves around 10 kHz is the phenomenon of loss of ABH effect observed in a finite beam structure .
Static analyses are conducted to compare the static properties of the compound ABH with the traditional simple ABH design. The calculated Equivalent Compliance Factor (ECF) and the Stress Concentration Factor (SCF) are tabulated in Table 3 . It can be seen that both the static deformation and the stress of the compound ABH under an external static loading are much lower than their counterparts in the traditional simple ABH design. With the increase of the cross-sectional thickness, the static performance of both structures is improved at the expenses of compromising the ABH effect. To further confirm the advantages of the compound ABH beam over the conventional simple one, the parameters governing the power-law profile (h( Table 1 are varied. The reduction of the length of the ABH portion in the basic geometry is around 2 cm when ε is changed to 0.014 or m is increased to 3, respectively. When the wavelength of the free bending wave equals the length of the ABH portion, the ABH segment begins to act as a broadband absorber and the corresponding frequency of the flexural wave is defined as the characteristic frequency [Tang and Cheng, 2017b] . The highest characteristic frequency of the studied cases is approximately 6500 Hz. Since no significant fluctuation of the loss factor is noticed at higher frequencies, a frequency band above the characteristic frequency is chosen for the calculation of average system loss factor, which ranges between 7 kHz and 20 kHz in the present case. Figure 5 presents the effect of the residual thickness on the increase of average loss factor of the compound ABH compared with the simple ABH for different profile parameters (∆η =η compound ABH −η simple ABH ). It can be seen that the compound ABH shows better overall ABH effect in terms of damping than the simple ABH beam does, evidenced by ∆η, all larger than 0. With the increase of the residual thickness h 0 , this difference is narrowed down as ∆η decreases. Meanwhile, a larger m results in a higher increase in the average loss factor compared with the simple ABH while the increase of the parameter ε shows adverse effect on ∆η. All in all, the above analyses show that the compound design shows its overwhelming advantage over the conventional simple one when the structure becomes structurally venerable (a rapid thickness change and a thinner residual truncated thickness).
Corresponding changes in the static properties are then investigated using two parameters, R E and R s , defined as the ratios of ECF and SCF between the compound ABH and the simple ABH, respectively. As shown in Fig. 6 , both R E and R s become larger with the increase of the residual thickness and both ratios are lower than 0.1 for every set of the profile parameters and the selected residual thickness, suggesting that the compound ABH outperforms the single ABH beam. With the increase of the residual thickness h 0 , the static performance difference between the compound and the simple ABH beam becomes smaller. The points of R s overlap for the same taper power with different ε.
Improvement of the compound ABH effect with an additional platform
The truncated tip in the basic geometry (Fig. 3(c) ) can be extended with a constant thickness to form a platform to enhance the 1D ABH effect [Bayod, 2011; Tang and Cheng, 2017a ]. An additional platform is added to the basic geometry of the compound ABH structure. The length of the platform in the basic geometry is defined as p = |0 − x 0 |, leading to a total length 2p. The additional platform is also treated as part of the ABH portion, covered by a damping layer with a constant thickness h d . Numerical analyses are performed to uncover the influence of the platform on the compound ABH effect using the geometric parameters in Case C2. Figure 7(a) shows that a longer platform in the compound ABH generates larger system loss factors and higher modal density after the first few structural modes. Meanwhile, the introduction of the platform reduces the characteristic frequency due to the increase in the length of ABH region, thus lowering down the effective region of the ABH effect. The tendency in the loss factors is complex for the first few resonant frequencies but becomes systematic in the higher frequency range for different platform lengths. To further explain the increase in the loss factors due to the platform, the mode shape of an arbitrarily chosen mode (8th in the present case) with and without the platform are depicted and compared in Fig. 7(b) . It can be seen that the additional platform results in more severe flexural vibrations of the ABH region as well as the deformation of the damping layer, both promoting better ABH effect. With the platform, the length of the ABH region is increased from 10 cm to 14 cm and the area with a larger flexural displacement is also spread out because of the extension of the residual thickness. Figure 8 illustrates the averaged mean quadratic velocity of uniform portion and the energy ratio Γ, with and without the platform for the compound ABH beam. The reference is a uniform beam with the same length and thickness (uniform portion) as Case C2. Changes in the major peaks in the mean quadratic velocity curves of the uniform portion show the damping effect of the ABH. Compared with the original Case C2, the vibration level in the uniform region is further reduced by the ABH beam with platform and such a reduction is more obvious after 12.5 kHz. As shown in Fig. 8(b) , more vibration energy is shifted to the ABH portion and more peaks appear in the energy ratio curves due to the energy concentration effect provided by the additional platform, in comparison with the ABH beam without platform. When the profile parameters are changed, the platform can also improve the average system loss factors of compound ABH, as shown in Fig. 9 . Higher taper power index leads to a better damping effect for a given platform length. Compared with the original profile, the average loss factors with a larger profile parameter ε is lower for shorter platform and becomes larger for longer platform. Better ABH effect can be achieved through the use of longer platform but the increasing tendency ofη slows down for larger p.
Embedding additional platform into the compound ABH can also change the static properties of the tapered structure. With the increase of the platform length, Fig. 10(a) shows that the ECF becomes larger since the additional platform reduces the stiffness of the beam as compared with the reference beam, which has the same thickness (uniform portion) and the same length as the ABH tapered structure. However, it can be seen from Fig. 10(b) that the SCF decreases within a certain range of the platform length, suggesting that the additional platform can improve the strength of compound ABH structure within a certain range, after which the stress concentration factor increases and the position of the maximum stress changes from the center of the platform to the connection point between the platform and the tapper wedge with a lower power profile. This trade-off needs to be taken into account when designing a compound ABH structure with an additional platform. In addition to the damping effect enhancement, the strength and stiffness of the compound ABH structure needs to be balanced, as shown in Fig. 10(c) .
Experimental Validations of Dynamic Analyses
Experiments were conducted to verify the predicted ABH effect of the compound ABH beam, as well as the reliability of the numerical analyses.
A double-layered hollow tapered beam was manufactured through electro discharge machining (EDM), which can produce complex geometry parts and process hard-to-machine materials. The material of the tapered beam was chosen to be steel to ensure sufficient structural residual strength during manufacturing and enough mechanical rigidity under external disturbance. The starting location of the machining process was chosen to be the cross-section connecting the uniform portion and ABH portion to avoid large plastic deformation. For numerical simulations, the mass density and Young's modulus of the beam were 7741 kg/m 3 and 200 GPa, respectively. The inherent loss factor was estimated to be 0.001, which is within the nominal range provided in the literatures [Berger et al., 2003; Mead, 1998 ]. Other ABH parameters were: m = 2, ε = 0.014 cm −1 , h 0 = 0.05 cm, h b = 0.35 cm, x 0 = 0 cm, x 1 = 5 cm, x 2 = 15.5 cm. The width of whole beam was 1.9 cm.
The attached damping film was an acrylic polymer 3M TM very high bond (VHB) adhesive transfer tape F9473PC. The same damping material was also used for estimating the loss factors of constrained layer damping treatment in another work [Liu and Ewing, 2007] . The density and Poisson's ratio of damping layers were 980 kg/m 3 and 0.499, respectively. The related simulation model adopted a constant shear modulus of 10 MPa and a loss factor of 0.9, corresponding to the frequency-dependent properties [Liu and Ewing, 2007] evaluated at 4000 Hz. The Young's modulus of the polymers was obtained from its relationship with Poisson's ratio and shear modulus [Jones, 2001] . Only pressure was required to ensure an adequate bonding of the damping tape at the room temperature (21
• C) according to the technical manual provides by the manufacturer. A damping layer was formed by piling up many layers of the thin adhesive tapes and such multi-layered treatment was also utilized before [Jones, 2001] for measuring the modulus and damping properties of the thin adhesive tapes. The combined damping layer had a final dimensions of 6 × 1.9 × 0.26 cm, applied over the outside surface of the ABH portion, as shown in Fig. 11 . In order to achieve the free boundary conditions (to avoid the difficulty in realizing perfectly clamped edges), the compound ABH beam was suspended by two nylon wires attached to an independent frame, taking weight off the uniform portion of the tapered beam and introducing minimal damping to the system. An electromagnetic shaker, fed by a power amplifier (B&K 2706), was utilized to generate a periodic chirp signal (10-12000 Hz) at 3 cm away from the free end of the tapered beam. A flexible and slim stinger was used to connect the shaker with the beam through a force transducer (B&K 8203), providing the measured force signal to a charge amplifier (B&K 2635) . The dynamic responses were measured by a Polytec TM laser scanning vibrometer (PSV 400).
The structural mobility at the driving point with and without damping layers is compared with FEM results in Fig. 12 . Generally speaking, one notices a good agreement between the measured and simulated response curves. The ABH effect becomes obvious and dominant after 2000 Hz for the compound ABH beam, which is heavily damped with the deployment of the damping layers. For the undamped tapered beam (Fig. 12(a) ), the estimated errors of natural frequencies of bending modes are less than 3%. Some fluctuations in the experimental response curve are T. Zhou et al. likely caused by the torsional modes of the slightly damped ABH beam and the off-set of the excitation force from the central axis, which is revealed by the overall structural responses (not shown here). As can be seen from Fig. 12(b) , the measured curve is smoothened with the introduction of the damping layer. The predicted damped response agrees well with the experimental one.
Conclusions
In this study, a compound ABH beam is investigated from both dynamic and static perspective. Through modal analyses and the forced vibration studies, the compound ABH has been shown to produce significant ABH phenomenon, outperforming the traditional simple ABH design with the same cross-section thickness and the same total structural weight in terms of the structural damping enhancement and vibration suppressions, confirmed by experiments. Meanwhile, static analyses reveal that embedding compound ABH feature into a beam can also offer much better mechanical strength and stiffness, for different thickness profiles. Using an extended platform in the compound ABH can further improve the damping effect, similar to the case of the traditional simple ABH wedges. However, a trade-off needs to be considered when choosing the platform length. An increase in the platform length within a certain range increases the structural strength, but decreases its stiffness at the same time. Therefore, a balance needs to be struck among the desired ABH effect and the mechanical properties of the structure.
To sum up, as compared with the conventional ABH beam design, the compound ABH structure is shown to produce more effective ABH effect while ensuring better structural rigidity at the same time, which points to more feasible and practical applications of the ABH-based technology in vibration control, noise reduction and energy harvesting applications.
